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We show that conjectures of Thomassen (every 4-connected line graph is
hamiltonian) and Fleischner (every cyclically 4-edge-connected cubic graph has
either a 3-edge-coloring or a dominating cycle) are equivalent.  2000 Academic Press
The aim of this note is to prove that the following two conjectures are
equivalent.
(1) (Thomassen [7]) Every 4-connected line graph is hamiltonian.
(2) (Fleischner [3]) Every cyclically 4-edge-connected cubic graph
has either a 3-edge-coloring or a dominating cycle.
A graph is called cyclically 4-edge-connected if it does not contain an
edge cut of cardinality at most three such that after deleting its edges we
get at least two components having cycles. A cycle L in a graph G is called
dominating if every edge in G is incident to at least one vertex from L.
Let us note that (2) has connection with the famous cycle double cover
conjecture. We refer to [5] for an interesting discussion of the topic.
Fleischner and Jackson [4] have proved that (1) is equivalent to the
following conjecture due to Ash and Jackson [1].
(3) Every cyclically 4-edge-connected cubic graph has a dominating
cycle.
Now we show that (2) and (3) are equivalent.
We use the following known lemma (see, e.g., [2]).
Lemma 1. Let G be a cubic graph with an edge cut C of cardinality m.
Suppose we have a 3-edge-coloring of G by colors 1, 2, 3, and mi is the number
of edges from C colored by i (i=1, 2, 3). Then m1 #m2 #m3 #m (mod 2).
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FIGURE 1
Lemma 2. If a cubic graph G contains the graph H from Fig. 1 as an
induced subgraph, then G is not 3-edge-colorable.
Proof. Suppose that we have a 3-edge-coloring of G by colors 1, 2, 3.
We show that this would lead to a 3-edge-coloring of the Petersen graph,
with contradiction (see, e.g., [2]). Let ei denote the edge from E(G)"E(H)
incident to vi for i=1, ..., 4. Suppose that the edges e5 , e6 have the same
color. C=[e1 , e2 , e5 , e6] is an edge cut of G and, by Lemma 1, also the
edges e1 , e2 have the same color. Let H$ be the component of G&C which
contains v1 . Adding to H$ edges (v1 , v2), (v5 , v6) we get the Petersen graph
P and the 3-edge-coloring of G induces a coloring of P. Thus the edges e5 ,
e6 must have different colors, say 1, 2. Now applying Lemma 1 to the edge
cut [e3 , e4 , e5 , e6], we get that also the edges e3 , e4 have colors 1, 2. Take
the induced subgraph H of G, contract H$ to a new vertex u, delete all
loops incident to u, add a new vertex w and join it with vertices u, v3 , v4 .
We get the Petersen graph P. The 3-edge-coloring of G induces a coloring
of P (where (w, v3), (w, v4) inherit the colors of e3 , e4 , respectively, and
(w, u) has color 3). K
Theorem Conjectures (1), (2) and (3) are pairwise equivalent.
Proof. By [4], and since (3) implies (2), it remains only to show that
(2) implies (3). Suppose that there exists a cyclically 4-edge-connected
cubic graph G with no dominating cycle. Take two adjacent vertices u and
w from G and let u$, u" (resp. w$, w") be the vertices adjacent to u (resp.
w) and different from w (resp. u). Take a copy of the graph H from Fig. 1
and three copies Gi , i=1, 2, 3, of G$=G&u&w so that u$i , ui" , w$i , wi"
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denote the copies of u$, u", w$, w" in Gi , respectively. Adding new edges
(v1 , u$1), (v2 , u"1), (w$1 , u$2), (w"1 , u"2), (w$2 , u$3), (w"2 , u"3), (w$3 , v3), (w"3 , v4) we
get a cyclically 4-edge-connected cubic graph G". By Lemma 2, G" is not
3-edge-colorable.
A path in G$ is called crossing if it has one end from the set [u$, u"] and
the second one from [w$, w"]. Suppose that there exists a dominating cycle
L in G". We can easily check that then there exists i # [1, 2, 3] such that
the intersection of L with Gi contains either a crossing path or two disjoint
crossing paths in G$, which, in both cases, can be extended to a dominating
cycle in G. Thus G" has no dominating cycle and (2) does not hold. There-
fore (2) implies (3). K
A generalization of the main result and more discussion of the topic can
be found in [6].
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